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Abstract 

In this paper, we study a multi-dimensional backward stochastic differential equation with jumps (BSDEJ) 
that has non-Lipschitz generator and unbounded random time horizon. For any p £ (l,oo), we show that the 
BSDEJ with a p-integrable terminal condition admits a unique L*'-type solution. 
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1 Introduction 



The b ackward stochastic equation(BSDE) was initiated bv lBismud 1973| and later developed bv lPardoux and Peng 



1990i] to a fully nonlinear version. It has since grown rapidly in theory and been applied to various areas, such 



as mathematica l finan ce, st ochastic optimal con trol, stochastic differential games and etc (see the references in 



El Karoui et al. 



1997 | 



Cvitanic et al. 



1998|) 



Tang and Lil 1994J added into the BSDE a jump term that is driven by a Poisson random measure independent 



of the Brownian motion. (Practically speaking, for example, if the Brownian motion stands for the noise from the 
financial market, then the Poisson random measure can be interpreted as the randomness of the insurance claims.) 
The authors obtained the existence and uniqueness of a solution to such a BSDEJ when t he terminal con dition is 
square integrable and the generator is Lipschitz continuous in variables y, z and u. Then iPardouxl 1997l | relaxed 
the Lipschitz condition on variable y b y ass uming a monotonici ty condition as well as a linear growth condition on 
variable y instead. Later. iRonj 1997 1 and lYin and Mad 2008 [ even degenerated the monotonicity condition to a 
weaker version so as to remove th e Li pschitz condition on variable z. The unbounded random time horizon was 
considered in both |Pardou3 |l997t and lYin and Maol [20oi|. 

Among those efforts to generalize the th e ory o f BSDEs, some were devoted to weakening the square integrability 
of the terminal condition. lEl Karoui et al.l 19971 demonstrated that for any p-integrable terminal condition with 
•p G ( l,oo), the BSDE with Lips chitz continuous generator admits a unique solution, which is also p-integrable. 
Then lBriand and Carmonal 20005 reduced the Lipschitz con dition on variable y by a strong monotonicity condition 
as well as polynomial growth condition on variable y. Later, iBriand et al.l 2003{ fo und that the pol ynomial growth 
condition is not necessary if one uses the monotonicity condition similar to that of lPardorud 1997|. 

In the present paper, we analyze the BSDEJ with unbounde d random time horiz on and under a non-Lipschitz 
generator condition which is slightly more general than that of I Yin and Maol 2008J . We show the existence and 



uniqueness of an L^ solution of the BSDEJ given a p-integrable terminal condition in two cases p S (I72] and 

pG(2,oo). 

The layout of this paper is simple. Section 2 deals with case p £ (1, 2]. Given the infinite time horizon, we start 
by estimating the 17 norm of any solution of the BSDEJ in term of the L^ norm of the terminal condition and of the 
coefficients in the monotonicity condition, see Proposition 12. II Next, we derive a stability- like result (Proposition 
12. 2p . which claims that a sequence of solutions of BSDEJs is a Cauchy sequence in \J norm when the sequence 
of their terminal conditions is so and when the solutions satisfy an asymptotic monotonicity condition. Then the 
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uniqueness directly follows, see Tlieor eni | 2.1[ For the existence, we first show the existence for a bounded terminal 



condition by applying a method from iRoneJ 1997| that approximates the non-Lipschitz generator by a sequence of 
Lipschitz generators via convolution smoothing, see Proposition 12.31 As to a p-integrable terminal condition, we 
truncate it as a bounded one and use Proposition 12.31 together with Proposition 12 . 21 to obtain the general existence 
result. Eventually, the infinite time horizon can easily been replaced by any unbound random one, see Corollary 
12.11 In section 3, we strength the monotonicity condition in order to apply the conclusion of section 2 to get the 
existence and uniqueness result for case p G (2, oo), see Theorem 13.11 and Corollary 13. II 

1.1 Notation and Preliminaries 

Throughout this paper we consider a complete probability space (i7,J-", P) on which a d-dimensional Brownian 
motion B is defined. Given a measurable space {X, 3§{X)), let p be an ^Y-valued Poisson point process on (51, J^, P) 
that is independent of B. Recall that the counting measure Np{dt,dx) of p on [0,oo) x X has the compensator 
E\Np[dt,dx)\ — v{dx)dt for some cr-finitc measure v on (<¥, ^(A")). For any t S [0,oo), we define cr-fields 

Tt = a(p„ s < t), Tf ^ a{B,, s < t) 

and augment Tt = '^ {^f U ^P^ W all P-nuU sets of T. Clearly, the filtration F = {J-t}te[o.oo) satisfies the usual 
hypotheses (cf. e.g., IProtteiJ 1990|). Let 3^ denote the F-progressively measurable cr-ficld on [0, oo) x 57. In 



addition, we set J"co = erf U J"t ) C J" and Foo = F U {J'oo} = {^t}te\Q ool 

V te[o,oo) / ^ ' 



A 



Let H denote a generic real Hilbert space with inner product (•, •)ij and the induced norm |a;|H — \/(a;, x)^, 
Vx e H. For any r e (0, oo), we define the following two functions on H: [j 

A 1 AT 

S!(x) = lr^_^ni - — —X and Tr^fa;) — ; — ;— x, Va; G H. 

^^^\xW ry\x\m 

Given I G N, the following spaces of functions will be used in the sequel: 

1) Let L^[0, oo) be the space of all functions ip : [0, oo) i— J> [0, oo) with L ip{t)dt < oo, and 

let L^[0, oo) be the space of all functions ip : [0, oo) H- [0, oo) with L ip'^{t)dt < oo. 

2) Let hi = lJ^{X, ^{X), V] M') be the space of all M'-valued, ^( A") -measurable functions u with J^\u{x)\^v{dx) < 
oo. Clearly, L^ is a real Hilbert space with the inner product 

(-U1,M2)l2 = / {ui{x),U2{x))iy{dx), Vui,U2GL^. 

1 

For any u G L^, its (induced) norm is \\u\\i^2 — I J^\u{x)\'^i/{dx) > . 

3) For any sub-cr-field Q of T, let 
L*}_(5) be the space of all real- valued non-negative CJ-measurable random variables; 

L^(e) = |e e KiG) ■■ II^IIl- (S) ^ {E[e] Y <^] for all p G [1, oo); 

L^iG) = fe e KiG) ■■ lieik^cs) = esssupC(c.) < ^}; 

lf'{Q) be the space of all R'-valued, C^-measurable random variables; 



IL^a) - |e e LO(g) : ||^||lp(c;) = {i?[|ei1 } ' < ^| for all p G [1, oo); 
L°°(g) ^ fe e h"{g) : ||e||L=(c;) = esssup|e(w)| < ^|. 

^ See Lemma IA.5I and Lemma IA.6I for properties of functions S> and nr ■ 



1.2 BSDEs with Jumps 



4) Let D^ be the space of all M'-valued, F-adapted RCLlJ^ processes X with 

II-'^IId^ = esssup |Xt(a;)| = esssupf sup \X t{uj)\\ < oo . 
(t,(i))e[o,oo)xo weo ^te[o,oo) ^ 

5) For any p G [1, oo), we let 

• Dp be the space of all M'-valued, F-adapted RCLL processes X with H^Hdp = \^ ^up \Xt\^ r < °°' 

• Mp (H) be the space of all H- valued, F- predictably measurable processes X with 



tG[0,oo) 



-'^IIm|.(h) — ^ e 



(i"*l 



h"^ 



< oo; 



• S^ = D|, X M^(K'x'^) X M|,(l2). 

In this paper, we use the convention inf{0} = oo and let Cp denote a generic constant depending only on p (in 
particular, cq stands for a generic constant depending on nothing), whose form may vary from line to line. 

1.2 BSDEs with Jumps 

A parameter pair (^, /) consists of a random variable <^ g L°(J^oo) and a function / : [0, oo) xOxM' xM'^''xL^ i-> M' 
such that / is ^ x ^(M') x ^(R'><'') x ^(L2)/^(M')-measurable. 

Definition 1.1. Given a parameter pair (^,/), a triplet {Y,Z,U) is called a solution of the backward stochastic 
differential equation with jumps that has terminal condition S, and generator f (^BSDEJ{^, f) for short) if the 
followings holds: 

i) Y is an SJ -valued, F-adapted RCLL process, Z is an M.^^'^ -valued, F -progressively measurable processes, and U 
is an L,f,-valued, F -progressively measurable processes such that 

J [\f{s,Ys,Zs,Us)\ + \Z,f + \\Us\\l,)ds<(x^, P-a.s- (1.1) 

a) it holds P-a.s. that 

Yt=^+ f{s,Y,,Z,,Us)ds- ZsdBs- Us{x)Np{ds,dx), t€[Q,(x,). (1.2) 

Jt Jt J{t,oo) Jx 

Here, Np{ds, dx) = Np{ds, dx) — v{dx) ds. One knows that < J,„ ^, J^ '^s{x)Np{ds, dx) > is a martingale 

for any L^-valued, F-progressively measurable processes ^I^ with E /o°°||^s|L2 ds < oo. 

Remark 1.1. 1) The two stochastic integrals in (|1.2p are well-posed. To see this, we set Alf — L ZgdBs, 

Vt e [0, oo), and define F ao-stopping times 



Tk =inf |te [0,oo) : / |Z,|^ds > A: I , V/c G N. 



For any /c G N, since \ M?, \ is a uniformly integrable martingale, there exists a P-null set Nk such tha}^ 

I '' J te[o,oo) 

lim Mf^^ ,.. (oj) exists for any ui G Nf.. By (jl.ip . one can find a P-null set Nq such that for any lo G Nq, T{(w) — oo 



t— >oo 



for some t — t(uj) G N. Hence, for ami uj £ D Nf,, lim Mf(uj) = lim Mr. , Auj\ exists. Put in another way, 



the limit 



Zg dBs = lim / Zs dBg exists P-a.s. 
*^°% 



^right-continuous, with limit s from the left ^^^ 
^See, e.g., Theorem II.3.1 of iRevuz and Yoj [l999| . 
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Similarly, the limit 



A 



Us{x)Np{ds,dx) = lim 



'(0,00) Jx 
2) Then one can deduce from ()1.2p that 



(o,t] Jx 



Us{x)Np{ds,dx) exists P-a.s. 



Yqc = lim Yi = ^, P-a.s. 



(1.3) 



We end the introduction by recalling Lemma 2.2 of I Yin and SiTd |2003| . an existence and uniqueness result of 
BSDEJs in Lipschitz case. 

Lemma 1.1. Let (^, /) be a parameter pair such that 

(i) ^elL^(-^oo) and eUJ^ \f{t,0,0,0)\dtY] < 00; 

{ii) For some 0i e ]Lii'^[0, 00) and 02 G L+[0, 00), it holds dt dP-a.e. that 

\f{t,u,yi,zi,ui)-f{t,uj,y2,Z2,U2)\ 

<4>i{t)\yi~y2\+(f>2{t)(\zi-Z2\ + \\ui-U2\\i^2y V{yi,zi,ui),{y2,Z2,U2) 

Then the BSDEJ{^, /) admits a unique solution (Y, Z, U) G Sp. 



G M' X R''''' 



xL^. (1.4) 



2 Case 1: p G (1,2] 

We start with an a priori estimate. 

Proposition 2.1. Let {£,,/) be a parameter pair with ^ G IJ'{J-oq). Suppose that {Y,Z,U) is a solution of 
BSDEJ{^, f) that satisfies 



{Yuf{t,Yt,ZuUt))<U\Yt\+at\Yt\''+tp{\Zt\'' + \\Ut\^^,^, dt®dP-a.e. 



(2.1) 



for two non-negative V -progressively measurable processes {^t} te[vi. oo)) {ot}tg[o,oo) 0,''^^ for some constant £p G 



A rt 



[0, ^) . Set At = Jo a,ds, t G [0, oo). // 



sup (e-4'|y,|)^ 

tG[0,oo) 



Aoo < OO, P-a.s. and E 
then there exists a constant Cpj depending only on p and £p such that 



< oo, 



(2.2) 



E 



sup {e^^\Y,\y 
se[o,oo) 

< Cpj E 



E 



:,pAaa \f:\P 



e^^HZJ^ds 



e^^^\\Us\\l,ds 



^f + (^1^^ e^%ds 



PI 



Proof: For any fc G N, we define Foo-stopping times 



rfe = inf|tG[0,oo):At+ / (|/(s, F,, Z„ C/,)| + |Z,|2 + 



\Us\\j^2 ] ds > k 



(2.3) 



(2.4) 



A 



Given e G (0,oo), the function (p^{t,x) — (|a;p + ee *) ^ , {t,x) G [0,oo) x R' has the following derivatives of its 
p-th power: 



and Dl^^P{t,x)=p^P-'{t,x)6,, + p{p - 2)ipP-\t,x) x'x^ , ^i,j G {l,---,l]. 



A^?(i,x) = -i^e-Vr'(i,a;), D,^P{t,x)=p^P-^{t,x)x\ V^GJl,---,/}, 



(2.5) 



2. Case 1: p€ (1,2] 



Now fix < i < T < oo. For any e S (0, oo) and /c £ N, applying Ito's formulcO to eP'^=(^§(s, Yg) over the interval 
[i A Tfc, T A Tfc] yields that 



1 /-J ATfc 

eP^--'^ VjP(i A Tfe, y^rj + :, / eP^= trace (Z,ZJdV?(s, n)) ds 



se(tArfc,TArfc] 

/■TATfc 

+^ f "' eP^=-Vr'(s> ^s)d5 - p (a4'" - Mf '" + M^'' - m'^A , P-a.s., (2.6) 

where M^-' = j;;""^" eP''^^P-^{s,Y,){Y,,ZsdBs) and M^^ ^ /^^ ,.^^^j /_^ eP^=(^r'(s, n-)(n-, t/s(:£^))^p(rfs, da;) 
for any r € [0, cx)). It follows from ^2.5\i that 

trace (Z.Zji?V?(^,>^.)) = P^r'i^,Y)\Zsf + p{p-2M-\s,Y) ■Y^fY.^.^ZlA 

> p^P-^{s,Ys)\Z.,\^ + pip-2)^P~\s,Ys)\Y,\^\Zs\' > p{p-lM-^{s,Ys)\Zs\'. (2.7) 
On the other hand, Taylor's Expansion Theorem implies that 

Y, e^-^»{^P(s,y,) - (p?(s,n_) - {DipP{s,Ys.),AY,)} 

p Y eP^'^ {l-a){AY,,D\P^{s,Y^)AY,)da {let Y^ = Y^- + a^Y^ 

se(tArfc,TArfc] "'0 

p(p-l) Y e^^^lAY^f f\l^a)^P-'{s,Ynda 



s£(t/\Tk,T/\Tk] 



se{tATk,TATk] 

> fb-1) E eP^=|An|2(|n_|2v|n|2+ee- 



se(tArfc,TATfc] 



> |(P-1)/ / eP-4=(|n_|2v|y,|2+ee^^)« ^|t/,(x)l27Vp(ds,dx). (2.8) 

^ J{t/\Tk,ThTk]JX 



In the last inequality we used the fact that \Y^\ = |(1 — a)Ys- + aYs\ < \Ys-\ V \Ys\. Since all processes in p. 6 
are RCLL ones, plugging ^1\ . ^^ and (f2T|) into (|2^ yields that P-a.s. 



+l{p~l) f _ J eP^'^{\Ys^\'w\Y,f+ee-^)^-'\Us{x)\'N,ids,dx) 

fTATk 

ItATk 

A 



2 ■l{t/\Tk,TATk\JX 



< V+Pip eP^^vP-\s,Y,)\\Us\\l,ds-p[A4'' ^m'^^' + a4'' -M^^'), ie[0,T], (2.9) 



where 77 = r;(fc, e) = 6^^--*= vl[T A r^, FtatJ + p/o^""' eP'4.^^^p-i(5^ Y,)ds + ^ J^""^" eP^^-^^P-^s, Ys)ds 

"^see e.g. Ilkeda and Watanabj |l98ll. Theorem II.5.1] or lProttej [199(1 Theorem 11.32] 
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E 



The Burkholder-Davis-Gundy inequahty, (|2.4I) . Lemma \KA\ and (|2.2p imply that 

TATfc 



sup |M^^p+ sup |M^"p 
se[o,T] se[o,T] 



< coke^P'' I I E 



2pA, 



(^^lP-Hs,Ys)\Y,\'\Z,\' + ^lP-\s,Y,^)\Y,^mUs\Qds 



sup v^/-^{s,Ys) 
se[o,TATfc] 



sup (e^M^^tl)" 
te[o,oo) 



< coke'^P'' E 



sup lnpP-2 

sG[0,TArfc] 



=.P-1 



-eP-^ > <oo, 



which im.plies that both Af ^^ and M ^fp are uniform.ly integrable m.artingales. As an RCLL process, Y jumps 
countably many times along its P-a.s. paths, more precisely, 

{t G [0, oo) : AYtiuj) = Yt{uj) - Yt-{uj) ^ 0} is a countable set for P-a.s. lo e Q. (2.10) 

Hence one can deduce that 



E 



{O.TATk] JX 

TATk 

E 



/■J ATfc p n 

/ eP^^ {\Y,.\^ V \Y,\^ + ee-^y W \Us{x)\^iy{dx) ds 

Jo Jx 



E eP^^ipP~\s,Y,)\\Us\\l,d.s. (2.11) 

Jo 



Then letting t = and taking expectations in (j2.9p yield that 

rTATfc 



£; 



/ 



eP^'^P-'is,Y,){\Z,\'+ Us;, ds< 



\ 2 ^P. 



P 



-E[v]- 



(2.12) 



A 



Let Y*'' = sup e^^ipeis,Ys), t G [0,cx)). It follows from ([221) that 

sG[0,t] 



£; 



r. 



TArJ 



<E['q]+pipE eP^''(pP-^{s,Ys)\\Us\\l,ds + 2pE sup |Mf'^| + sup |Mj 

Jo " '-te[o,T] te[o,T] 



fc,e I 



(2.13) 



The Burkholdcr-Davis-Gundy inequality implies that 



2p^ 



sup IA/j'^I + sup IMj '^I 



<CpE 



<CpE 



■te[o,T] te[o,T] 

TATfc 

e^P^^^'/-\s,Ys)\Ys\'\Zs\'d.s 



e'P-^=^^P-^(s,n_)|y,_|2|C/,(a;)|27Vp(ds,da;) 







iQ,TAT^]JX 



<CpE 



{^TtrJ- 



TATk 



eP^^^P-^{s,Y,)\Z,\^dsy + ( I I eP''^vP-^{s,Ys-)\Us{x)\^N,{ds,dx) 



(O.TATfc] Jx 

TATk 



< \e [{Y^trJ] + cp U [''^'' eP^'vP-\s,Ys)\Zs\'ds + eJ^ 



eP^'vP-\s,Ys^) / \Usix)\'',y{dx)ds 



X 



TATfc 



^ [{YTArf] +^pE / eP^=^r2(.,n) (|Z,,p + \\Us\Q ds, 



(2.14) 



where we used (|2.10p in the last equality. 



Now, let Cpi denote a generic constant depending only on p and £p, whose form may vary from line to line. 
Lemma EH pTi)) and ([^ imply that 



E 



(yTArJ 



< E 



sup {e^'\Yt\y 

te[o,oo) 



■ eP'^ea < 00. 



2. Case 1: p€ (1,2] 



Then plugging (|2.12l) and (|2.14p into (|2.13p . we can deduce from Young's Inequality and Lemma [Ka\ that 



^[(^TArjn < Cp,lE[v]<CpjE 



Jo Jo 



< Cp^i J+-E 



Yr, 



*,6 \P 
T^Tk) 



(2.15) 



where J = J{k,e) — E e^'^^'"^* I^TArfcl^ + (/q°° e'^^fsds) + e^e^^. In the second inequality above we used the 
fact that LpP-'^{s,Ys) < (ee"")^"\ V(s,w) e [0,cx)) x fi. Then it follows from !^J^i that 



^ 



sup (e^=|y.|)^ 
■se[a,TATk] 

1 



and that _E[r/] < Cp^; J + -E 



Y. 



< E 



*,e \P 



Y 



*,6 \P 
T/\Tk) 



< Cp,l J, 



TATk) 



< Cp,l J. 



(2.16) 

(2.17) 



In light of Young's Inequality, we can deduce from (|2.12p . (|2.16p and (|2.17p that 



E 






2-w 
< —^E 



< 



2 
2-p 



E 



r*.e \P 

TAT J 

*,e \P 






¥ 



TATk 



eP'''^vPf\s,Ys)\Zs\''ds 
-E[rf\ < Cp,i J. 



(2.18) 



Similarly, we can deduce that El (^ L 
as letting e -^ yield that 



^"'=e2^Hlf/, 



p - 1 - 2^p 

2 \ - 1 

r,2ds) ^ f < Cp^i J. Summing it up with (|2.16p and (|2.18p as well 



E 



sup (e^lnl)^ 
se[o,TATfc] 

< Cp^i E 



E 



TATfc 



e'^'lZ.l'dsY + [ 



TATk 



e HC/s ,2^3 



eP^--HyTA..r 



e^^f^ds 



We know from (|2.ip and (|2.2p that for P-a.s. a; e 51, T/j(a;) = oo for some k — k{uj) G N. It follows that 

lim iTATfe = Yt, P-a.s., 



(2.19) 



(2.20) 



although the process Y may not be left-continuous. Therefore, letting /c — > oo and then letting T — > oo in (|2.19p . we 
can deduce (|2.3p from the Monotone Convergence Theorem, the Dominated Convergence Theorem, (|2.20l) . (|1.3p . 
and dlJ]). D 

In the rest of this section, we let : [0, oo) i— > [0, oo) be an increasing concave function with / -prrrdt ~ oo. 

Jo+ G\t) 
Our goal of this section is the following existence and uniqueness result of BSDEJs for case "p G (1, 2]". 

Theorem 2.1. Let (i^, /) he a parameter pair such that ^ G U'{J-oo) and that for each (i, w) G [0, oo) x J7, 
(HI) the mapping f{t, uj, •, •, u) is continuous for any m G L^. 

Then the BSDEJ(^, f) admits a unique solution (Y, Z, U) G §p if the generator f satisfies the following conditions 
for dt®dP-a.e. (t,w) G [0, oo) x D.: 

(H2) |/(t,c.,2/,z,0)|<(l + |y|)A + c(t)|z|, ^ {y,z) eM} xR^-^; 

(H3) \f{t,LO,y,z,ui) - f{t,uj,y,z,U2)\ < c(i)||ui - ualk^ y{y,z,ui,U2) G M' x K'^^ x L^ x hi; 
(H4) |yi - y2|^~^(^(2/i - 2/2), /(i, c^, 2/1, zi, ui) -/(i, c^, 2/2, ^2, ^2)) < A(t)0(|yi - ^2!^) + A^jyi - y^l" 
+At|yi - y2|P-i(ki - Z2\ + hi - wzIIlj), V (yi, zi, ui), (yz, ^2,^2) e M' x R'^'^ x L^; 
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where 

{hi) c(-) eL;^[0,cx))nL2_[0,oo) and\{-) eL:^[0,oo), 

(h2) /?, A and A are three non-negative Y -progressively measurable processes such that \ r°° (3tdt^ Jj"" Ktdt, 

/p°° Ajdii C L:^(J'oo), and that E J^ Afdt -\- E J^ (At) '^"^ dt < oo for some w e (0, oo). 

The proof of Theorem 12.11 rehes on the following two results. 

Proposition 2.2. Let {{£,n, fn)} p^ be parameter pairs such that {^„}neN is a Cauchy sequence in LP(J-'oo). 
Assume that for any ri G N, the BSDEJ{^n, fn) has a solution (K", Z", [/") £ §p, and that for any m,n £ N with 
m>n, (r™.", Z™'", f/"'") = (y™ - y", Z™ - Z", [/" - C/") sa^/^es 

iyt""r ^' (^(>^*"""), /™ (t, >;™, ^r, t^r) - /« (^, ^^r, ^r, k) 

< A(t)0(|r/"'"|P + (5„) + At|r™'"r + At|yt"'"r"' (l^r'"l + Wr'^hl) + %"'", di ® dP-a.e. (2.21) 

w/iere 

( i) A(-) G Li'|_[0,oo), A and A are two non-negative Y -progressively measurable processes such that \ L Atdt, 

/o°^A2di}cL-(J-oo), 
(a) 5n £ ]L*^(-7\x)) *5 a non-negative random variable, and jy™^"- is a non-negative process such that 



lim sup E 



m,n 7 1 

% at 



= 0. 



(2.22) 



//A is non-trivial (i.e. L X(t)dt > O), we further assume that 

sup(||y"L- + ||^"||m-(r'x.) + ||C/"||m-(l2)) + snpE[dn] < oo and lim E[S„] = 0. (2.23) 



riGF 



T/ien |(y", Z", [/")} is a Cauchy sequence in Sp. 



A 



A „t 



roof: Let Of = Af H — z^A^ and Af — J^ Osds, t G [0,oo). It easily follows from (h2) that A^o G L,'^{J'oo) with 



An. 

ka — \\Ac 



lL-(jr„ 



- II Jo ^«'^*llL3°(jr, 



(■^=o) 



ir^'ds 



L5°(J^oc) 



Fix k,m,n G N with m > n. We define an 



Foo-stopping time 



Tfc = r, ' = 



Fix < t < T < (X). Similar to 
yields that 



inf |t G [0,oo) : ^ {jZ^n' + WUT^'^lQ ds > fcj . (2.24) 

, applying Ito's formula to eP^'(pP{s, F™'") over the interval [Mrfc, TArfc] 






TATfc 



p 



+^(p-l) 



[tATk.TATk] JX 



pA, (|y™^"|2 V |i;"'"|2 +£e-^)^"' |C/r'"(:c)|2iVp(ds,(ix) 



TATfc 



JtATfc 



TATfc 



/tATfe ^ Jt/\Tk 



TATk 



oPAs-s p-2( T^m,n 



(pr^(s,yr'")'^s 



-p[m- 



m^7i,e jtt-m^n,€ j^ jtt-m^n,€ jtj-m^n,€ 



P-a.s. 



(2.25) 



2. Case 1: p€ (1,2] 



where 



and M"'"'" 



rATfc 



l{0.rAT^]JX 

for any r £ [0, oo). One can deduce from (I2.2ip that dt (E> dP-a.e. 



gM.(^P-2(g^ i;'".«)(y™'", z^'^'dB,) 



e^^'vl-\s,Yr.n{Yrj\UT'-{x))N,{ds,dx) 



^p-2 (^^ y™.n) ^y™,n^ ^^(^^ y™^ ^™^ f^™) _ ^^(^^ y„^ ^n^ ^n^^ 
Ve{s,Ys ' )/ ' 

^ _»— 2 / _ -x^m.n\ / I rym.n i2 



c/r 



< A(s)0(ir;"'" r + ^n) + «.^? (s, n""") + ^v^r' («, n™-") (i^s"^"! 

As (^P-2(5^ym,n) < (ee-'')^"\ V (s, w) £ [0, oo) X n, it holds P-a.s. that 

2 JtATfc 2 Jo 

Since all processes in (j2.25p are RCLL ones, plugging p.26p and p.27p into p.25p yields that P-a.s. 



(2.26) 



(2.27) 



TATfc 



s''^"- ^lit A Tfe, y™;^) + f (P - 1) / eP-4= ^l-^{s, Ym\ZT''?ds 

^ JtATk 



2^ 



+ 7t(p-1)/ / eP^= (|r™^"|2v|r;"'"|2+ee'")^ '|C/r'"(x)|'7Vp(ds,dx) 

(tArfc,TArfc] ■/A' 

TATfc 



< 



gj + ^(p_l) / 'eP^=(^P-'(s,>"r'")||C/r'"||L2^s-P (M^'"^"-Mj"'"'" + Af^^"'"-M,"'"^"), i € [0,T], (2.28) 



where gt = .g,"'" = e^"^ (<^f (T A r^, K^,';-;;) + p J^" A(s)0(|rr^"|P + ^„)ds +p/q°° 77^'"^^ + e^ ^ 

The Burkholder-Davis-Gundy inequality, p.24p . Lemma I A. 1 1 and Holder's inequality imply that 



E 



sup |M;"'"^^P+ sup |M™'"'^|2 

se[o,T] se[o,T] 



TATfc 



< co^; 



c'^pA, 



[^'/-\s^Yr''Ws"''''\'\ZT'''\'ds + ipf-HsX-'l\Y. 



m,„|2||^m.n||2j^^ 



IL?, 



sup ^'/-'{s,Ym 

se[o,TATk] 



< coke^P-- (||y™."||2|-2 + £^-1) < 00, 



which implies that both Af™^'^ and M™^'^ are uniformly integrable martingales. Similar to (|2.1ip . one can deduce 
from (|2J0)) that for any te [0, T] 

e[ /" eP^=(|y7_!'"|2v|r™^"|2 

J{tATk,TATk]Jx 

Then taking expectations in (|2.28p yields that 

rTATk 



-fee 



£-1 f'^^''" . 9 

-'^' \Ul'''"{x)\^Np{ds,dx) =E eP^=^r^(S:^r'") c^r'"ii-'^s- 



tATfc 



IL?, 



0^-4^ 



tATfc 



ipp-^{s,Yr-'-) (izr'"p + ||c/r"|iy ^^^ < ttt^^m, * e [o,t]. 



p{p - 1) 



(2.29) 
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By (1^:^ . it holds P-a.s. that 



Y' 



sup {eP^'^P{s,Y^^'^))^ sup (e- 

s£[tATk,TATk\ s£[t,T\ 



^^Vl(s^T,,Y^A'-)) 



< 9t + j{p-i) eP^^^p,-'{s,Yrn\\ur'"\\lds 



+2p 



sup \M. 



m,n,e Ti^ni,n,e 



Ml 



sup M 



m^n.e T,rra,n,e 



M' 



se[t,T] se[t,T] 

Similar to ()2.14p . one can deduce from the Burkholder-Davis-Gundy inequality that 



ie[0,T]. (2.30) 



2pE 



sup |M,"'"'= - Mr'"'1 + sup Im;"'"'" - Mt"^"'"| 



5e[t,T] 



se[t,T] 



< 


CpE 


" / l-TATk 
_ \ JtATk 




+ (?,"'"■" / / e' 




Y J{tATk,TATk] J X 




1 ~ 


rTATk 


< 


i£;rr"1+cp£; 


/ 




z 




JtATk 



eP^=^P-'(s>^s"'")l^s"'"l'f^s 



^ep^=<^r'(^,n™'")ic/r"WpiVp(d.,dx) 



oP'4, 



^^r2(s,rr'")(i^r'"i' + 






ie[o,r]. (2.31) 



Since £;[r™'"'^] < e^"^ ||r"^"||pp + e^^^es < oo by Lemma EB taking expectations in (|2:30| . we can deduce 
from (f2:29|) and ([23T1) that 



Similar to (PJS)) . Young's Inequality, ((O^ and (I^T^ imply that 



(2.32) 



/iArfc ^ J \JtATk I 



2-p 
< -E 



P 



TATk 



rt"'"'"+^^/ eP^=(^p-'(s,n"'")l^s"'"l'rfs<Cp£^[gt], ie[o,r]. (2.33) 



Similarly, we can deduce that 



TATk 



tATk 



EU I e^^i[/r"||^.dsj \<CpE[gt], te[0,T]. 



(2.34) 



As (Z™^",t/]"'") e M^(M'^'*) X MP (L2), we see that J^ (|^r'"P + ||t^s"'"||L2 1 ^s < oo, P-a.s. Thus for 
P-a.s. cli G il, Tk{uj) — cxD for some k — k{uj) G N, which implies that 



although the process y™^" may not be left-continuous. As y™^" g Bp, Lemma [A. II shows that 



sup ^p(s,r;"'")< sup |y™"Y + s* £L (-^->)- 

se[o,oo) se[o,oo) 



(2.35) 



Then the Dominated Convergence Theorem and p.3p imply that 



lim E 



^p(rAT,,y^"x"J =i?^?(T,r™^") 



and lim P 

T-»-oo 



^p(T,y™'") 



p 



KtTI 4?! 
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Adding up (|2.32p - (|2.34p . letting k -^ oo and then letting T — >• cx), we can deduce from the Monotone Convergence 
Theorem that 



E [S^'"] < Cp ef 



E 



Ktti t,n 



E X{s)e{E"^''" + Sr,)ds + E 



vT^"ds 



£§ , i€[0,oo), 



A 

-t = sup 



l^s"'"l^+ f/r \ZT'"\^ds) ' + (/t°° \\U^'^''\\l^ds)\ Then letting e ^ 0, one can deduce from 
Fubini Theorem, the concavity of 6 and Jensen's Inequality that 



£;[s;"'"] < cpeP'^^ (E 



< Cp e^"^ I E 



1^171 ^n\ 



1^171 ^n\ 



Xis)E[9{-^:'''' + Sn)]ds + E 
X{s)9{E[El'''"] + E[Sn])ds + E 



vT'^ds 



V'^ds 



t e [0,oo). 



Hence, it holds for any n G N and t G [0, cx)) that 



sup£:[Sr' ] <CpeP''-* supS 



Km sn 



Since {^n}neN is a Cauchy sequence in Lp(J^oo), one has 



+ / A(s)6i(sup£;[S™'"] + £;[(5„] ds+sup£; 



= 0. 



i^T'-ds 



lim sup E 



\f — f \ 

Sm sn 



If A is trivial, (i.e. j^ \{t)dt = 0), then j^ A(s)6i(sup£; [S™-"] + E[5n])ds = 0. Taking t = and letting 
in ((236| . we see from ((237)) and ([2:22)) that 

lim sup^[Sj;*'"]=0. 



(2.36) 



(2.37) 



n — > oo 



(2.38) 



On the other hand, we assume that A is non-trivial. Since A G Li'^[0, cxd) and since 

supS[sr'"] + S[<5„] <(2sup(||ylD.+||ZlMSi(M'>«') + l|C/1lM^(L^))| +supS[,5,]<oo, V(s,n) G [0,oo)xN (2.39) 

by ()2.23p , Fatou's Lemma, the monotonicity and the continuity of ^ imply that 

/•oo /'OO 

IW / A(s)6i(sup£;[S™^"]+£;[,5„])ds < / A(s) Ih^ 6i(supS [S™'"] + £;[,5„])ds 

< / A(s)6i( li^ sup£;[5^'"] )ds, iG[0,oo). 

Jt \"-^°°m>n J 

Letting n ^ oo in (|236)) . we can deduce from (|237)) . (12^22)) and (|2:40| that 

li^ sup£;[S7*'"] < CpC^'^'^ / \{s)d ( IW sup^[S™'"] ) ds, i G [0,oo). 



(2.40) 



As 6* : [0, oo) h-s. [0, oo) is an increasing concave function, it is easy to see that either 6* = or Q[t) > for any 
t > 0. Moreover, one can deduce from (I2.39P that the function fi{t) = lim supi?[S™'"], t G [0, oo) is bounded. 

n-*oo „j>„ 

Then Lemma 1X3) and (|239l) imply that lim sup£; [S™'"] =0, Vt G [0, oo). Therefore, ([OH)) always holds, which 
shows that {(i^", ^", C/")}^ j^ is a Cauchy sequence in §p. D 

Proposition 2.3. Let (^, /) 6e a parameter pair such that ^ G L°°(J^oo)- //" ^^e generator f satisfies (HI) for each 
(t, w) G [0, oo) X ri and satisfies (H2)-(H4) for dt ® dP-a.e. (t, uj) G [0, oo) x fl, then the BSDEJ{^, f) has a solution 

Iy,Z,U) g D^ X M^(M'^'') X M^(L2). 



It is known that any R-valued concave function is also a continuous function. 
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Proof: We make the foUowing settings first: 

• let ■(/; : R' I— >■ [0, 1] be a smooth function that equals to 1 (resp. 0) when |a;| < i? — 1 (resp. |a;| > i?), where 



A 



i? = 2 + exp ^ 2 



I3sds 



L^(:^oo) 



-/~(^ + 2c',.))* . IW, 



(^cx 



Psds 



L^(J^oc) 



c{s)ds. 



• Let p : ]R'+'^'^ h-> R+ be a smooth function that vanishes outside the unit open ball ;Bi(0) of IU'+'^'' and satisfies 
/iKi+ixd p{x)dx = 1. For any r e (0, oo), we set pr{x) = r^^^^+''-^ p{rx), Vx e M'+'^'^. 

• Let {Of }^2^, fc G N be partition^ of Si(0) such that of = Oji^^ U O^^ holds for each Of. For any fc £ N and 
i = 1, • • • , 2*", we pick up a (yf , zf ) e Of with yf e M', and let 1 1 Of 11 denote the volume of Of. 



(1) Fix n e N. Clearly, ^l 
the function 



A ne 



(ne-*) V (3t 



t G [0, oo) is an F-progressively measurable process, which implies that 



A 



/°(t,L^,y,z,M) = /3rH^(y)/(i,w,2/,7r„(z),7r„(u)), V(i, w,?/, z, u) G [0, w) x f! x M' x M'^^'^ x L^ 

is ^ X ^(R') X ^(M'^'') X ^(L2)/^(R')-measurable. Then we fix {t,uj,y,z,u) G [0, oo) x f7 x M' x M'^'' x L^ 
and define 



A 



fn(t,uj,y,z,u) = (/°(<,w,-,-,u) *p„)(y,z). 

By (HI), the continuity of mapping f{t,uj,-,-,u) implies that of mapping f^^{t,uj,-,-,u). Hence, fn{t,ui,y, z,u) is 
indeed a Riemann integral: 



fn{t,uj,y,z,u) = / /°(t,cj,y y, z z,u) p{y, z)dydz 

J\{y.z)\<i ^ n n J 

= 1™ Y,fn(i^^^v--vtz--ztAp{yt4)\\o% 



(2.41) 



from which one can deduce that /„ is also ^ x .^{M}) x ^(K'""*) x ^(L2)/^(M')-measurable. 

Let Cn{t) = (1 + R)ne-*^ + 2nc(t), t G [0, oo). Clearly, c„(-) G L^[0, oo) n L^[0, oo). It follows from (H2) and 
(H3) that dt (g) dP-a.c. 

|/°(t,y,z,w)| < /3IV(y)|/(t,y,7r„(z),7r„(u))| < |/(t, y, 7r„(z), 7r„(u)) -/(t, y, 7r„(z), O) | +/3r^(y)|/(t, y, 7r„(z), O) | 
<c(i)||7r„(u)||j^, +/3rV'(2/)(l + l2/|)A + c(i)|7r„(z)| < c„(t), V(2/,z,u)gM' x M'^*^ x L^, 

which implies that dt eg) dP-a,.e. 

if 



|/„(t,yi,Zi,u) - fn{t,y2,Z2,u)\ 



< C. 



(yi - 2/2, zi - Z2) , Vp„ (ya -y,Za- z) ^da j /°(t, y, z, u)o;yc;z 
-„(t) / / |(yi-y2,zi-Z2)|-|Vp„(ya-y,ZQ-z)|rfydzda 

Jo JR'+'X'' 



A 



< 



A 



«>n(0(|yi-y2| + |2i-Z2|), V(yi,zi),(y2,Z2)eM' xK'><^ VugL^, (2.42) 



A 



where ya = ayi + (1 — a)y2, Zq = azi + (l — a)z2, Va G (0,1), and K'p = /jji+ixd |Vp„(a;)|(i2: < 00 is a constant 
determined by p and n. 



® We say that {Oi}™, is a partition of the unit closed ball Bi(0) of IR'+'x<* if Qi, « = 1, ■ • • ,m are single-connected, open subsets 
of Bi(0) that are pairwisely disjoint, and if U^LiOi = Bi(0). 
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Moreover, (|2.4ip . (H3) and Lemma [A . 5 1 imply that dt (8) dP-a.e. 

\fn{t,y,Z,Ui) ~ fn{t,y,Z,U2)\ 



lte.2)l<i 



< 



f{t,y--y,'^7i(z z),TTniui))-f[t,y--y,7rn(z z),7r„(M2' 

n \ n / / \ n \ n 



(y.5)l<i 

< c{t)\\Trn{ui)-Trn{u2)\k2 < c(i) 11 Ul - U2 ||l^ V (y, z) G M' X M'^'' 



p{y, z)dydz 



Vui,u2 G L^ 



which together with (|2.42p shows that /„ satisfies (|1.4p with 0i(t) — k" Cn(i) and <t>2{t) — <t>i{t) + c(t), i G [0, oo) 
Moreover, by (|2.4ip and (H2), it holds dt ® dP-a.e. that 



|/„(i,0,0,0)| < / /3r 

lte,5)l<i 



/(i, y,7r„( z),0 



< 



< 



lte.i:)l< 



p{y, z)dydz 
U-^(l + ^\y\)Pt+c{t)\iTn[~^i)\\p{yrz)dyd~z 



\{vrz)\<i 

2 



(n + l)e * + -c(i) I ply, z)dydz < (n + l)e"* + -c(t). 
n I n 



which imphes that E (Jg°° |/(t, 0, 0, 0)|di) < (n + 1 + i j^ c{t)dt) < oo. Therefore, we know from Lemma [TTT] 
that the BSDEJ(,^, /„) has a unique sohition (F", Z", [/") G S|. 

(2) Now, we define at — Afit + c{t) + 4c^(t) and At — L agds, t G [0, oo). It easily follows from (hi) and (h2) that 
^oo G L^(J'oo) with KA = ||^oo||l=c(^^) < 4||/g°°/?sds||j^^(^^)+/o°°(c(s) + 4c2(s)^ds. 

Fix n G N and < t < T < oo. Applying Ito's formula to C^^ly^"!^ over the interval [t,T] yields that 

e-4'|y,"P+ / e^^\Zlfds+ f f e^^\U^{x)\'N,{ds,dx) 

< e^^\Yf\^ + 2 f e^'{Y:,U{s,Y:,Z:,U:))ds- ( ase^^\Y,^\^ds-2{MT-Mt + MT-Mt), P-a.s., (2.43) 



where Mr = J^ e^' (Y,'', Z^ dBs) and Mr ^ Ji^g ^J^ e^' {YJ'_,U^{x))Np{ds,dx), WrG [0,oo). One can deduce from 
(H2) and (H3) that dt (g) dP-a.e. 

2(17,/„(s,r;\Z,",C/r)) = 2 / /3,>(n" - iy)/Y:\j(s,Y:^ - -y^TrJz: - -z),7r4u:)))piy,z)dydz 



'\iy,z)\< 

<2 [ |i;"| 



(1+ Yr~-y )Ps + c{s) n,Jzi'~-z) +c(s)||^„(C/p)| 



L?, 



< 2 



|y,"|((2 + |y,"|)/3, + c(.)[i + \z-\ + WunLi]) 

< 2/3, + c{s) + as\Y-f + i|Z:f + i||[/r||'.. 
Moreover, Burkholder-Davis-Gundy inequality and Holder's inequality imply that 



piy, z)dydz 



(2.44) 



E 



sup \Ms\+ sup I Ms 
.se[o,oo) se[o,oo) 



< coE 



e2^HK"|2|Z"|2ds 



e'^in-ilt^ni'^rfs 



sup |r; 

se[o,oo) 



< coe'^^E 



|z,"rds + sup |r; 

/ se[0,cx;) 



|[/r||j^,ds 



< 



Im|.(l2^ I < OO' 
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which shows that both M and M are uniformly integrable martingales. Hence, taking conditional expectation 
E[-\Tt] in (12331), we can deduce from ([2^ that P-a.s. 



1 



e^*\Yn' + ^E 



where we used the fact that 



un:,]ds 



Tt 



<e'^^LE;ny^nj-tl+2 



/3s ds 



+ / c{s)ds , (2.45) 



E 



e^=|f7,"(x)l^iVp(ds,dx) 



Tt 



= E 



t Jx 



e'^'\U]!{x)\'^u{dx)ds 



Tt 



^E 



{t,T\ J X 

Since F" S Dp, the Dominated Convergence Theorem implies that 
Hence, as T ^^ oo in (|2.45p . the Monotone Convergence Theorem gives that 



e"''\\Ull'\\,2ds 



Tt 



P-a.s. 



,, P-a.s. 



e^'|r,"p+ii? 



/oo 
e^^{\z:r+\\u:\Qds 

Psds 



Tt 



< p"-* L«^ + 2 



/•OO /'C50 \ 

/ Psds + / c{s)ds ] <{R- 2)^ P-a.s., 



which together with the right-continuity of 1"" implies that 



IV' 



<R-2 and \\Z''' 



+ II'^1Im|(lJ)^2(P-2)2, VneN. 



(2.46) 



(3) Except on a dt (g) dP-null set TVi of [0, oo) x il, We may assume that (H2)-(H4) hold and that iFj"] < P - 2, 
Vn e N. Fix (i, a;) e TVf and fix m, n G N with m > n. By p.4ip . 



ir; 



,~ ~x A 



\!^{Yrn, Us, Yr, ^r, ud - us, r,-, zr, t/D) 



l(g,2)l<l 



(2.47) 



where hf{y,S) = f{s,Yl' - i2/,7r„(Zf - ii),7r„([/j")). Next, fix {y,i) e K' x M'^'^ with |(y,5)| < 1. We set 
{ym,n,^m,n) = ((;^ " ^)y, (;^ " ^)z\ and consider the following decomposition: 

\YrT\&{Yr%PTKiy,i)-P7h'i{v,z)) 

+iyr'"ri(^(rr'"),(/3r-/3r)/ir(y,5))^/i(y,z)+/,2(y,i)+/i'(y,z). 

It follows from (H4) that 

/i(y,z) < A(o^(|yr"-y™,«r)+Ad>^r"-y™,nr+Atirr'"-y™,„r^(K™(^r-;^5)-'r„(^r-^^i^ 

(2.48) 

(2.49) 
(2.50) 



+ ||^™(f7r)-7r„(L/r)||L. 
Applying Lemma lA.21 with a = |i^/"'" — yrji.nl and 6 = |y/"'"| yields that 



— I^t I ' |i/m,n| — I t I T" "■ 



and lYj -yrn,n\ < rt \ +P[\Yt \ + \ym.n\j \ym,n\ < \Yt \ +5, 
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with 6n — —{2R — ?>Y ^ . Moreover, Lemma [A . 5 1 shows that 



Similarly, we have 

Putting (|2.49l) - (|2.52p back into (|2.48p . we can deduce from the monotonicity of function 9 that 



(2.51) 



(2.52) 



< A(i)6i(|y"'"r + 5r,) + At|r/"'"|P + (5„At + [1 + {2R - 4)^-1] Aj^J* 



rr 






.l-p^l^2^|^m,n|2. 



f/; 



(2.53) 



A 



L?, 



Where *? = ^ + l{|^.|>„_i}|Zr| + 1|||^„||^^>„} \\Ur\kl- 

On the other hand, one can deduce from (H2) and (H3) that 

\h-{yrz)\ < (i + ir,"-iyi)/3t+c(i)K„(^r-^^i| + c(i)lk„(c/r)| 
< i?A + c(t)(i + izri + iic/riiLj), 

which together with Lemma [A. 61 vield that 



(2.54) 



< {i + 2P-'y-p[2RPt+c{t){2 + \zr\ + |zri + \\ur\ki + wnk.) 

Since < (3^ < 13^" < I, ^ t e [0, oo), (^311) also imphes that 



^7/ 



(2.55) 



Ifiy, ~z) < {2R 4)^-1(1 - (3-) Rji, + c{t){l + \Z-\ + WU^kl) 



A 



I: 



(2.56) 



Plugging ([2331) . (12351) and ([236]) back into (|2:47l) shows that ([2:2T|) is satisfied with (5„ = f (2i? - 3)^"^ and 

-1- 



771, n 



,5„At + [1 + (2i? - 4)P-i] At*r + "'"''(2'^* + '^' 



rn,n |2 
i I 



\u' 



IL?, 



V + V, te[0,oo). 



Holder's Inequality and (|2.46p give rise to the following four estimates: 



1 . sup E 



ra,n j. 



< 6„ 



Kfdt 



i^riJ"^ 



[1 + {2R-AY-^]E I Kt^'idt 



-""-'U 



Kidt 



+ %{R-2f\+E {I^ + I^)dt. 



(2.57) 



2. E I At*"di < -Ci + G 



^2+ro 



E l{\zn>n~i}\Zn~dt 



2 + n 



E 



kl|yt"llL2>"}Ff' 



2 + ro \ 2 + ro 



IL?, 



<-C\ + Cl+-{n-l) 



n 
2 



2 + 2ro 
I yn II 2 + ro 

1^ llM2(Mixd) 



2 + 2ro 

I rrn || 2+ro 
1^ IIm|,(LJ) 



< _Ci + 2 C2+^(n - 1)-^+^ {R - 2; 



2 + 2-!:; 
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where C~ = E J^ Afdt and C~^™ — < E J^ (A4) dt> .In the last inequality, we applied Lemma [A. II with 



Q = 5T^' n = 2, ai = ||^"L2 m,.., and 02 = ||f/"| 



5. E I^dt < {1 + 2P-'^)n^-P { 2R 



Ptdt 



1|.(LJ)- 



I^TiJ'a. 



+ / 2[c(t)+c2(i)]di 



4(1 



Zxd\ 



I 11? M M? M m9 



< {l + 2P-^)n^-p(2R 



Ptdt 



+ / 2[c{t)+c^{t)\dt + 2{R~2f 

l^^(T^) Jo 



4.E li'dt < {2R-4)P-^E (l-/3r)(i?/3* + c(i))dt+(||Z"||M|(M<x.) + ||f/"||M|(L?j) i?/ c\t)il-l3^fdt 



<{2R-4)P-^E {l~l3l'){R/3t + c{t))dt + 2{R-2)\E c^{t){l-l3l'fdt 



A 



Because /?" = 



t e-*V(/3t/n) 



1 as n — > 00, Vt G [0, 00), the Dominated Convergence Theorem gives that lim J„ = 0. 



Thus, letting n — > cx) in p.57p verifies the condition p.22p . Moreover, since 



< 



<.) < 



<d\ and II • 



«^(LJ) 



< 



• iim; 



2(L2) by Holder's inequality, we see from p.46p that ()2.23p also holds. Then 



Proposition 12.21 shows that {(!"", Z"^, C/")}^ is a Cauchy sequence in §p. Let (F, Z, U) be its limit in §p. 



(4) Since 



lim r"-r 



lim ||Z"-Z||L 



lim II t/" - C/||r^p „,and 





" 








lim ^ 


sup Ft" 


-Y,' 


=0, 


n— >oo 


te[o,oo) 






lim E 


" / .00 


- ^t ' dt) ' 




n^-oo 


VJo 


/ 




hm £: 




-t/, ^.d^y 


n^oo 


Vjo 



we can extract a subsequence {?T.i}ieN from N such that 



Z"'+i -Z"' 



) II 



0, 



= 0, 



..,,2.<2-\ VzeN 



(2.58) 
(2.59) 
(2.60) 



'AU 



and that P-a.s. 



lim sup Y^"' ~^t\ = Ihri 






Zt\ dt\ = lim 



thus 



/>CXD /-C 

lim sup y^"' — Yt = lim / Z"' ~ ^t,\ dt = lim / 
By (|2^ . it holds P-a.s. that 



K^"' ~ ^« 12 c'* 



|C/r-C/t||L2dt = 0. 



0, 



(2.61) 



sup iFtl < sup |yt~y,"'|+ sup |yt"'|< sup |Ff"'-^t| + F"iD~ ^ ™p |>"r-^t|+^-2, VieN. 

te[0,oo) tG[0,oo) tG[0,oo) te[0,oo) ^ te[0,oo) 

Letting i -^ 00, we see from (I2.6ip that sup l^tl < R — 2, P-a.s., which implies that ||y||D=° < P — 2. 

te[o,oo) 

For any i G N, we define two real-valued, F-predictably measurable processes 



Zl = |Z, I + ^ I Zr^ - Zr-^ I and Ul = || [/, Ik? + E \K' - K'-' IL- i e [0, ^) 
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with Z"" = Z and [/"" = U. One can easily deduce that Z' e M^, (M) with 



<' II Zll J- \ ^ II 7"j 7" 



M^(R'x<') - -^ "^ II'^IIm^(R'x'') "*" ll'^ '^llM^(K'xd)- 



(2.62) 



As {Z*} ., is an increasing sequence in i, we set Zt = lira^ Zl = \Zt\ + 2. \^"^ ~ ^"^ M j ^ G [0,oo). The 
Monotone Convergence Theorem shows that for any uj E Q 

{Zt{uj)fdt ^ lim-l {Zl{uj)fdt, thus (/ {Zt[uj)f dt\ =linit(/ {Zl{uj)f dt 

Applying the Monotone Convergence Theorem once again, we can deduce from (I2.62p and Lemma lA.ll that 



" / /■°° \ 5' 




' / r^ o \ 5' 


/ Z^dt] 


= linit£^ 


(/ iziYdt) 

\Jo J 


[Wo / J 


■i— >oo 



E 



which implies that 



< 3^ 1+ ^ M£m'xd-i+ ^"'-^ Msm'xdJ < oo, (2-63) 



:,(B'xd) 



Z^dt\ < cx), thus 



Zj dt < oo, P-a.s. 



(2.64) 



Similarly, the process Ut = lim^Ul = llC^tllL^ + T^ \\ur' - U?^ ML2 , * G [0, 00) satisfies 



J = l 



£; 



U^dt 



< 00, thus / Ufdt < 00, P-a.s. 



Fix fc S N. We define an Ftxj-stopping time 



Tfe = inf 1 1 e [0, 00) : / (Zf + Z^2^ds > fc I 



Since J^" {\z:^-Ztf + \\ur-Ut"' 



(2.65) 



(2.66) 



t -i^tllLs) dt < /J"" ((Z*)%(iY;)^) dt < /J"" (Z^+U^) dt<k ,yujen, the Bounded 
Convergence Theorem and (I2.6ip show that 



lim^ 



\z'^^ -zA dt 



= lim E 



\ur' - t/JLa dt 



U 



Hence, there exists a subsequence {n-*^} of {"ij^ppj such that for dt (g) dP-a.e. (t, w) £ [0, 00) x ft 



(2.67) 






IL?, 



0. 



(2.68) 



(5) Next, let us show that 





r r'' 


limE' 




I— >oo 


[Jo 



U.(tX'\zf,uf) - f{t,Yt,ZuUt) 



dt 



0. 



By ^^AH and ^M^, it holds for any i 6 N that 



E 



< E 






^l(y,5)|<l 



(2.69) 



p(y, z)dydzdt 



(2.70) 
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Except on a. dt® dP-nuU set A/2 of [0, 00) x fJ, We may assume that 
( i) (H2), (H3) and (12:681) hold; 



( ii) lim 



yp - Yt 



= (by eUD); 



(iii) iFtl < i?-2 and 



v 



<R-2, Vie 



Fix {t,uj) e 7V| with t < Tk{ijj), and fix {y, z) G M' x M'^'' with \{y, z)\ < 1. It follows from (PIM)) that 



lim 



z7' - Zt 



lim 

2— >00 



ur - Ut 



(2.71) 



With help of Lemma [A. 5 [ one can estimate as follows: 



(el) 



yr -^y-yt 



< Ar 



yp - yt 



(e2) |7r„.(zr'-;^z) 



'Zt 



< 



zp^Zt 



'^n''{Zt)-Zt 



0, as i — ?> 00; 



''^n*'{Zt)~Zt 



< 



Zf ' rZ — Zt 



+ 



'^n'^iZt)~Zt 



< 



0, as i — >■ 00; 



L?, 



< 



U '-Ut 



TT^k{Ut)-Ut 



0, 



(e3) \K^.(uf)-Ut\^^ < ||^„. (c/r-) -v(C/*)|[, + II V(^*)-^* 
as I — ?> 00. 

k 

Since the mapping /(i, ■, ■, Ut) is continuous by (HI) and since lim^/3^ ' — 1, we can deduce from (el) and (e2) 
that 

limfi'^'^ f{t,Yt''^ -^y,7T^.(^zf -^s),Ut) = f{t,Yt,Zt,Ut). (2.72) 

Moreover, (H3) shows that 

f3ff(t, Yt'^'-^y, TT^i {zf-^z) , 7r„. (uffj -pff{t, y^'^-^y, 7r„. (^t"'-^^) , Ut) <c(t)||^„. {uf)~U, 
which together with (I2.72p and (e3) implies that 



lim 



= 0. 



/3,"^ / U yf' - ^y, ^n- {zf - ^5) , 7r„. (U^'^fj - f{t, Yt,Zt, Ut) 
For any i e N, since |Z"*| < Z^ < Zt and ||C/"iL2 < ^t < ^t. one can deduce from (H2) and (H3) that 
pf f (^t, Yt''' - ^y, ^„. i^zf - J^z) , ^„. (uf"j\ - fit, Yt,Zt, Ut) 



(2.73) 



< 



< 2 



+ |y,|)A + c(t)('|7r„.( 



\fit,Yt,Zt,Ut)\ 



Y^i L ~ 



7"> J_ 5 



\Zt 



i:,,.(uf')\^^ + \\Ut\\ 



L?, 



< (2i?-l)/3t + c(i) 1+ Z,"' +|Zt|+ L/f' +||t/t||Lj < {2R-l)Pt + c{t){l+Zt + \Zt\+Ut + \\Ut\\i.i) = h. 



L?, 



A 



Applying Holder's inequality, we see from (|2.63p and (|2.65l) that 

pTk r pTk roc 

E hg p{y, z)dydzds — E I hgds < -E / hgds 

Jq J\{y,z)\<l Jo Jo 



< C + E 



< C 



c^{s)ds\ lU Z^ds] +i \Zsfds 



Uids 



WsWhds 



(s)dsj (^||2^||MP(R) + ll^llMP(R"<<') + ll^llMP(R) + l|t^llMP(LJ)j < 0° 



(2.74) 
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A 



with C — (2i?— 1) L PsdsU ^1 s+fn c{s)ds. Hence, the Dominated Convergence Theorem and (|2.73p show that 



\im.E 



^f f (t, r,"- - J^y, ^„. (zr- - J^z) , ^„. (U^' fj-f {t, Yt,Zt,Ut) 



p{y, z)dydzdt 



= 0, 



^ite,i)i<i 

which together with (I^TTO)) leads to ([SSSD- 

(6) SincqJ //j^^ ^i = /(o r 1 ~ /(o Mr 1' ^^ ^ [0, oo). the Burkholder-Davis-Gundy inequality and Holder's 
inequahty imply that 



E 



sup 

t6[0,oo) 



/ f {Ushx)-U,{x))Ny{ds,dx) 



< 2E 



sup 

tG[0,oo) 



(O^tATfc] JX 



{U^^{x)~Us{x))Np{ds,dx) 



<coE 

= coIe 

and that 



(O^Tfc] Jx 



\{U:^{x)~Us{x))\''N^{ds,dx) 



<co<E 



iO.Tk] JX 



UUs^ (x) - Us{x))\ Np{ds,dx) 



f 

Jo 



\Ut ' -Ut\\ri2dt 



0, as i — >■ oo. 



(2.75) 



E 



sup 

te[o,oo) 



tATfc 



(zr* - z,)dB, 



< 2E 

< Co 



sup 

te[o,cx3) 

Z"^ -Z 



tATk 



(Z?- -Z,)dB, 



< coE 



I '7". 7 \^.l 

\Zs " ZA as 



0, as i — > oo. 



(2.76) 



In hght of (|2.6ip . (|2.69p . (|2.75p and (|2.76p . there exists a subsequence {"i^jj^pj of {"-i^jj^pj such that except on 



a P-nuh set N^ 



hm < sup \Y^ ' — Yt + sup 



{tAT^,Tk]JX 



{Us^{x)-Us{x))Np{ds,dx) 



dt + sup 

te[o,oo) 



tATfc 



(zr'-z,)dB, 



= 0. 



/fj. {t, r5 , ^f ' , K') - f{t, Yt,Zt, Ut) 

Since ( F"-" , Z"^ , U"' 1 solves BSDEjf^, f^^k) for any i e N, it holds except on a F-null set N^ that 

— fc — k 

Yt/\Tk ~ l{Tfc<Oc}J^fc' +l{Tfc=00}C" 



('r"',z"',[/"h 



/ ?T, 71 71 \ / 

fjikis,Ys',Zs',Us'jds- zjs u.^s 

tATfc ' ^ ^ "'tATfc 



Zf: ' dBx 



(tATfc, Tfc] J A:' 



Us'{x)Nf,{ds,dx), te[0,oo), VieN. 



(2.77) 



For any lo £ flk — {^^i) ^ (A^|^) and any t G [0, oo), letting i — > oo in (|2.77p . we obtain that over flk 

/■Tfc /-Tfc 

>^tATfc = l{Tfc<oo}i^Tfc +l{Tfc=oo}C+ / f{s,Ys,Zs,Us)ds- ZgdBg 

JtATk JtATk 

Us{x)Np{ds,dx), t e [0,oo). 



(2.78) 

'(tATfc, Tfc] Jx 

Thanks to (j2.64p and (|2.65p . one can find a P-null set N^ such that for any oj e A^|, Tk{Ltj) — oo for some 
k = k{uj) e N. Eventually, for any w e O = f n flk) nN;^= ( H (N^y) r\( n (N^y) flTVg^ and any t e [0, oo), 

letting fc-^oo in (1^75)) shows that dO]) holds over 51. To wit, {Y, Z, U) is a solution of BSDEJ(^, /). D 



'' {t /\Tk, Tfc] stands for (t, oo) and (0, Tj,] denotes (0, oo) when rj; = oo. 
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Proof of Theorem I2.H (Uniqueness) Suppose that (Y, Z, U) G §p and {Y' , Z', U') G Sp are two solutions of 
the BSDEJ(^, /). For any n e N, we set 

For any ?7i, n e N with m > n, (H4) shows that (|2.2ip holds with Sn — and ry™^" = 0. Thus, it is easy to see that 
((2^ and (IZ^M)) are both satisfied. Then PropositionlS^shows that { (F", Z", t^")}„gp, is a Cauchy sequence in §^, 
which implies that (F, Z, [/) = (y',Z',t/') in the sense that ||F-r'||DP = ||Z- Z'||MP(Rixd) = ||C/- C/'||mp(l2) =0. 

(Existence) For any n e N, we define ^„ = 7r„(i^). Thanks to Proposition 12. 3[ the BSDEJ(^„,/) has a solution 
(F", Z", L/") e D^ X M^(R'^'') X M^(L2). For any m, n e N with m > n, (H4) shows that dt ® dP-a.e. 

lY^'T'' {&{Yr'-)Jis,Yr,ZT,Ur) - f{s,Yr,Zl\U^)} 

< A(s)6i(|y;"'"|p) + A,|i;"'"|p + A,|y,"^"|p^i (l^s"^"! + llc^r^"llLs) ■ 

Hence, p.2ip holds with /„ = /, (5„ = and jy™-" = 0. Clearly, p. 221) is automatically satisfied. 
Suppose that J^ X{t)dt > 0. We can deduce from (H2) and (H3) that dt (g) dP-a..e. 

{Yrjit,Y,-,zi\un) < \Yn {\fit,Yr,zi\o)\ + \f{t,Yr,z^,un - /(t,r/\zr,o)|) 



< \yn 



{i + \Yn)i3t+cit){\z-\ + \\unki] 



< Air,"i + (^A + ^c2(i)^ \Yr\' + ^{\zir + mnk)- 



Thus dlTl) is satisfied with ft ^ Pt, at = I3t + ^c^{t), £p ^ ^. Since E sup (e^^lYt'^lY 

^ '-telO.oc) 

with KA = ||Aoo||Lco(jr^) < ||/o°°/^s'^«||l°°(.f„o) + F^/o°°'^^(*)'^*' Proposition HH] gives that 



< gP«A wy"" 



< oo. 



Im "IIdp + II^"IImp(r'>^<j) + II^"IImp(lj) - ^p 



,E 



''^°°ienr+ / e^'^Psds 



p-\ 



< c 



■v^''^^{e[\£,Y'] + 



Psds 



I^Ti-F^) 



< OO, 



which implies (P?^ . Then PropositionO shows that {(F", Z", C/")}„gN is a Cauchy sequence in S^, . Let (Y, Z, U) 
be its limit in Sp. 

The rest of proof is similar to that of Proposition 12. 31 (cf. part (4)-(6) therein). By (|2.58p - (|2.60p . we can find a 
subsequence {riijigN from N such that 

F ^ IIdp ^ IP '^ IImp(r'x'') ^ Ir ^ IIm|.(lj) - ^ ' '^t^^ 

and that (|2.6ip holds P-a.s. For any i G N, we set 

i 
A 



r?,^ sup \Yt\ + J2 sup |y,"^-y,"-^ 



te[o,oo) 



^;^ te[o,oo) 



A 



with Y^° = Y. One can easily deduce that rji G lJ^{J^ao) with 



I '*IIl^(.f^) - 



sup \Yt\ 
te[o,oo) 



LP(J^oo) 



E 



sup |y^"^_i;«-i 
te[o,oo) 



|y|| + 'S^ lly"^' - y"'"MI <i + llyl 
r IId|. ^ Z^ Ir ^ IIdp - -^ ^ Ir I 






(2.79) 
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As {?7i| _Rj is an increasing sequence in i, we set 77 = lim t''?i = sup |5^t| + /^ sup \Y^^ — Y^^^ ^ 1. Applying 



te[o,oo) 



. ite[o,oo) 



the Monotone Convergence Theorem once again, we can deduce from (|2.79l) and Lemma [A. II that 

||„||P — B[r?Pl — lim t Rfn^l < "^P^lfl +llylP -\- WV^^ — VW^ ^ <r 00 



We have seen in the proof of Proposition 12.31 that the two real- valued, F-predictably measurable processes 



(2.80) 



Zt = \Zt\+Y.\^t'~K''"\ and Ut^\\Ut\k2+Y,\\Ut'-K'-'\\^,, te[0,oo), 
with Z"° = Z and [/"« = U, satisfy 



E 



\ f r°° \ 5] 




' / f°° \ 2' 


/ zfdt) 


+ E 


/ i^fdt] 


[\Jo J \ 




[\Jo J J 



< 00. 



(2.81) 



Thus /p°° Zfdt < 00 and J^ U^dt < 00, P-a.s. 

Fix fc e N. We still define the Foo-stopping time r^ as in (|2.66p . Thanks to (|2.67p . one can extract a subsequence 
{ri*^} of {f^j} pR, such that (|2.68ll holds for dt (gi dP-a.e. it.Lo) e [0, cx)) x fl. Except on a dt® dP-null set TV" of 



[0,00) X il. We may assume that (H2), (H3) and (|2.68p hold, as well as that lim 



yr - Yt 



(by (EH])). Fix 



{t,uj) e M" with t < Tk{uj). We still have (I^TTTI) by (g^. Then the continuity of the mapping f(t, •, •, Ut) shows 
that 



lim /(i, y,"- , Zf , Ut) = /(t, Yt.Zu Ut). 



Moreover, (H3) shows that 



^n ■ r7^v T-r^l,- 



/ ( t, r;\ zr , c/D - / ( t, r,"' , zr\ f/* 



<c(i) 



which together with (|2.82p implies that 

f{t,Y^'^,zf,Ul'^]~f{t,Yt,Zt,Ut) 



hm 



U ' - Ut 



= 0. 



L?, 



For any « G N, since 



(2.82) 



(2.83) 



sup |y,"'|< sup |rt|+^ sup |y"^' -y^"^-'! =ry, <?7, |Zr'|<Zt and ||f/^iL?<Wt, 



te[o,oo 



tG[0,oo) 



. ;^te[o,oo) 



one can deduce from (H2) and (H3) that 

/(i,y,"^zr',t/r')-/(i,rt,z,,c/,)| < (2 + \Y;''^\ + \Yt\)Pt + c{t)( 



z 



\Zt\ 



U' 



L?, 



|f^*IlL= 



< 2 + ry+ sup \YM Pt + c{t){Zt + \Zt\+Ut + \\Ut\\^)■ 
\ se[o,oc) / 



Applying Holder's inequality, we see from (I2.80p that 



E 



2 + r;+ sup \Y,\ Adi 
V se[o,oo) / 



< E 



2 + r]+ sup IK5 
, se[o,oo) 



Mt 



< (2 + lhlL.(^, 



(■^=0) 



\Y\\ 



Psds 



L~(J^oe) 



< 00. 
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Similar to dHH]), Holder's inequality and (PIMI) yield that 



E 



Tfc 





c{t){Zt + \Zt\+Ut + \\UtU2)dt 



<\ I c^' 



{s)ds\ (^||2^||m^(r) + II-2'||mp(r'x'') + II^1Imp(b) + I|c^IImp(lj)J < 



Therefore, the Dominated Convergence Theorem shows that 



lim E 



' ' f{t,Yt''\zf .U;''^) - f{t,Yt,Zt,Ut)\dt 



= 0. (2.84) 



The two limits (j2.75p and p.76p still hold. Then using the similar arguments to those that lead to ()1.2p and using 
the fact that lim ^„ = ^, we can conclude that (Y, Z, U) is a solution of BSDEJ(^, /). D 

n— >oo 

Now, let 7 be an Foo-stopping time that may take the infinite value oo. Thanks to Theorem 12. 1[ the BSDEJ 
with random time horizon 7 is also well-posed for any terminal condition ^ G Lp(J-"^) under hypotheses (H1)-(H4). 

Corollary 2.1. Let (^, /) he a parameter pair such that S, G U'{J-^). If the generator f satisfies (HI) for each 
it,io) e |0,7j§ and satisfies (H2)-(H4) for dt ® dP-a.e. {t,io) G [0,71, then the following BSDEJ 



Yt^^^(+ f f{s,Ys,Zs,U,)ds- f ZsdBs- j f Usix)N^{ds,dx), VtG[0,oo); P-a.s. (2.85) 

v'tA'v JtA'Y -'ftA'V.^1 JX 



admits a unique solution < (Yt{uj), Zt{u!),Ut{uj)) > such that < lYt/\j,lu<^^\Zt,lu<y}Ut) \ G §p. 

Proof: One can check that 

f{t,uj,y,z,u) = l{t<^i^^)}f{t,uj,y,z,u), V {t,uj,y, z,u) G [0,oo) x 17 x R' x R'^'* x L^ 

defines a ^ x ^(M') x ^(M'^'*) x ^(L2)/^(R')-measurable function that satisfies (HI) for each (t, uj) G [0, 00) x rj 
and satisfies (H2)-(H4) for dt iS> dP-a.e. {t,uj) G [0, 00) x n. Theorem [2l1 then shows that the BSDEJ (^, /) admits 
a unique solution (Y, Z, U) G Sp . So it holds except on a P-null set A^i that 

Yt^^+ fis,Ys,Zs,Us)ds- ZsdB,- Usix)N^{ds,dx), iG[0,oo). (2.86) 

Jt Jt J{t,oo) JX 

Fix T G (0, cxd) and fc G N. We define an Foo-stopping time 

Tfe=inf jtG [0,00): / (|Z,|2 + ||t/,||y ds>fc|. (2.87) 

By dim), it holds on TVf that 

^.TATfc _ fTATk j- r ^ 

Y^r.T^r, = YTr.r,+ f{s,Ys,Z,,Us)ds~ ZsdBs- Us{x)Np{ds,dx) 

JjAT/XTk JfAT/\Tk J(lf\T/\Tk,Tf\Tk] JX 

nTATk r f ^ 

= Ytat,- ZsdBs- Usix)Np{ds,dx). 

J-t/\T/\Tk J{'f/\T/\Tk,TATk] JX 

Taking conditional expectation E\ ■ iJ^jATATk] ^^'^ multiplying It^^rp/^^^-i on both sides yield that 

l{7<TArfc}^ — ^{'y<TATk}YjATATk — l{7<TATfc}£' [^At^ |-7vyATATfc J — l{7<TATfc}£' [^TArfc |-7-'-yJ , F-a.S. (2.88) 

As {Zs,Us) G M^(R'^'') X MP (L2), we see that /„°° (\Zs\^ + ||C/s||l2) ds < oo, P-a.s. Thus for P-a.s. uj e Q, 
Tk{uj) — OO for some fc = fc(a;) G N, which implies that lim Itat^ = ^t, P-a.s. although the process Y may not be 



the stochastic interval [0,7] is defined by {(t,aj) G [0, 00) X f2 : t < 7(1.1;)}. 
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left-continuous. Since E 
and (|1.3p imply that 



sup \Yt\ 

tG[0,oo) 



^ II^IId'' < °° by Holder's inequality, the Dominated Convergence Theorem 



lim E[Yt AT A J'-y] = E[Yt\T J, and lini E[YT\T-y] ^ EMtJ ^ ^, P-a.s. 

k-^oo T— !-oo 

It is clear that lini t l{7<TArfc} — 1{7<t} ^^id that hm f lr-y<7^-i = Ir-^^ooj . Thus, letting k ^ oo and then letting 

A.' — ^ OO _Z — ^ OO 

T ^^ oo in (|2.88p give that l{^<oo}^7 = l{7<oo}'^j P-a.s., which together with (|1.3p implies that ^7 = C holds 
except on a P-nuU set N2. Let TV = A^i U Af2. It then holds on A^^^ that 

/(s, Ys,Zs, Us)ds ~ f ZsdB,- f f U,{x)Npids, dx) = Y^ - ^ = 0. 

7 .^7 J {^ ^00) J X 

Therefore, one can deduce from (|2.86p that on N'^ 



YtA^ = ^+ / f{s,Y,,Z,,Us)ds- ZsdB,- Us{x)Np{ds,dx) 

Jt/\i Jt/\i J{t/\^,oo) J X 

= ^+ r f{s,Y,,Zs,Us)ds- r ZsdBs- f f U,{x)Nfids,dx), ie[0,oo), 

Jt/\i Jt/\i J{t/\i,^] J X 

which shows that \ (Yt(uj), Zt(uj), Ut(uj)) > is a solution of (12.851) . Moreover, since (Y, Z, U) G §p, we easily 

I. J (t.w')elo,7l 



{( 



see that <! ( ^^7, 'i-{t<j}Zt, l{t<j}Ut 



> belongs to §p as well. 

J te[o,oo) 



On the other hand. 



^{t<f}Ut 



)} 



if I (Yt{uj), Zt{uj), Ut(ijj)) \ is another solution of (|2.85p such that \ [Yia^, l^t<f}Zt 



te[o,oo) 



G Sp, then it holds P-a.s. that 



^F' 



Usix)Np{ds,dx) 



YtA^^i+l f{s,Y,,Zs,Us)ds-[ ZsdBs 

JtA^ JtA^ J(iA7,7] Ja: 

/•OO /'OO p n 

= £,+ i{s<'y}fis,Ys,Zs,Us)ds- l^sK-yjZsdBs- 1{5<^}/ Us{x)Np{ds, dx) 

Jt Jt "'(t,oo) Jx 



= ^+ .f{s,YsA-r,'i-{s<f}Zs,'i-{s<f}Us)ds - l[s<f}ZsdBs- l{s<^}Us{x)Np{ds,dx), t E [0,oo), 

Jt Jt J{t,oo)Jx 

which shows that < (Yt/\j,lst<'y}Zt,lu<-y}Ut) \ also solves BSDEJ(^,/). Hence, the uniqueness of the 
solution of BSDEJ(C, / ) in §^ entails that 



C^t^l{t<7}C^t||]L2 dt 



= E 


sup Yt-YtA-y^ 

'-te[o,oo) J 


+ E 


[(f 


Zt~l{t<j] 


~ 2 \f1 
Zt dt\ 


+ E 


[(f -- 


> E 


sup Yt-^Yt^ 

Lte[o.7] J 

r , 


+ E 




-Zt^dty 


+ E 


u - 


~ 2 \¥ 
Ut l^dt) 


plies that UYtiu),ZtiLu),Utiu)]} 


is the unique solutior 


1 of (I2.85|l Si 



l{t<7}C/t 



)} 



tG[0,( 



n 



3 Case 2: p e (2,oo) 

Theorem 3.1. Let (^, /) be a parameter pair such that S, G LP(J-"oo) and that (HI) holds for each (i, uj) G [0, oo) x f2. 
Then the BSDEJ{^, f) admits a unique solution {Y,Z,U) G D^ x M|(M'^'') x M|(L2) if the generator f satisfies 
(H2), (H3) as well as the following condition (H4') for dt ® dP-a.e. {t,uj) G [0, oo) x Q: 
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(H4') (yi -y2,f{t,uj,yi,zi,ui)-f{t,y2,Z2,U2)), 

<At\yi~y2\^+^t\yi~y2\{\zi~z2\ + \\ui-u2\\^), V{yi,zi,ui),{y2,z2,u2) eM' xM'x'^xL^, 

where A and A are two non-negative F -progressively measurable processes defined in (h2). 

Proof: As C G Lp(J'oo) C L2(J"^), applying Theorem O with p = 2 and A(-) = 0, we know that the BSDEJ(^, /) 
admits a miique solution (F, Z, U) G Sp. So it sufBces to show that Y G Dp C Dp. More precisely, we see from 
the proof of Theorem O that (F, Z, U) is the limit of {(F", Z", [/")}„eN in S|, where (F", Z", C/") is the unique 
solution of the BSDEJ(f„, /) with f„ = 7r„(0 such that F" e D^. 

Let us define at — h-t + S^'^^A^ and At ~ L agds, t € [0,oo). It easily follows from (h2) that Aoo G L!p(J^oo) 
with Kyi = ||Aoo||]l oof j,r -, < ||/o°° As ds||j^^, ,+3^"-^ J^A^ds _ _ . Fix fc, m, n e N with to > n. We still set 



iL^(^oo) ^ IIJO "«"'"llL-(;roo) 
A 



IL5°(:^oo) 



(ym,n^ ^™,n^ ^m,n^ ^ ^ym_y«^ Z™-Z", U"' -U'') and define the Foo-stopping time r^ = rf '" as in ({2:241) . The 
function |x|p, x G M' has derivatives: 

A|xr=p|xr2x\ VzG{l, ••-,;}, andDl\x\P=p\xr^6,,+p{p-2)l^,^o}\xr^x'x', Vt, j e {!,■■■ J}. (3.1) 

Fix < i < T < cx). Similar to dlH), applying Ito's formula to eP'^-|r;"'"|P over the interval [t ATk,T A r^] 
yields that 



e rtArJ 



TATfc 



E 



0^-4, 



se(tATfc,TArfc] 



trace ('z;''"(Z7''")'^D2|ym,n|p\ ^^ 



iATfc 



-"( 



tATfc 



^m,„_^m,„ ^ ^,^rn.n_^rn.n 



F-a.s. 



(3.2) 



where 



m: 



and M: 



A 



A 



rATfc 



for any r G [0, oo). It follows from p. II) that 



gPA.|y™,"|P-2(y,"'",t/r'"(a;))7Vp(ds,da;) 



.„»(.r.,..,^.,n-.)^.v; ,-.r.'f...-.,.....,.r.-E(i:(n-)^(. 



i=i ^j=i 



>p|ym,"|p-2|^m.n| 



(3.3) 



On the other hand, Taylor's Expansion Theorem and lemma lA.41 imply that 

sG(tATfc,TATfc] 



p E e'''^^ / (l-a)(Ar;"'",i:'2|ym,«.a|P^ym,n^^^ / 



let K 



m,n,a ^ •srm,n 



¥"'" + aAYI 



se{tATk.TATk] 



p J2 e'"°/ (!-") 

se(tArfc,TATfc] 



y 






da 



> 



P 



Y^ eP^=|Ay™''f / (l-a)|y,'"'"'"|^"^da>p3l-P ^ gpA,|^ym,«|2|ym,n|p-2^ 

sG(tArfc,TATfc] ° se(tATfe,TATfc] 

pA.|ym,«|p-2|j^m,„(^)|2^^^^^^^^^^ (3.4) 



= p3'-P I I e 

l{tArk,TATk] JX 
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Moreover, (H4') shows that dt eg) dP-a.e. 

{Yr''',f{s,Yr,zT,ur)-f{s,Y:,z:\u:)) < A,|yr"r+A.|F; 



7n,n\ I ryrti.n 



\u: 



— "s M s 






(3.5) 



Since ah processes in p.2p are RCLL ones, Plugging (|3.3p - p.5p into p.2p yields that P-a.s 

ol-p /-TATfc 

p , P'J 

(tATfc,TATfc] J A- 
2 



e FtArJ + 2 



< eP^^'^-fc IF, 



tATfc 

ol-p /-TArfc 
n IP , P'J / 



TATfcl 



tATfc 



ppAs |T^m,n|p-2||rrm,n|K j 
^ l-'s I W^s |Il2 






eP^= in"!'" |P"' I t/r" (a;) P^P ('^s, rfa;) 



(3.6) 



where we used the fact that ^ > 3^ 



The Burkholdcr-Davis-Gundy inequality and p.24p imply that 

rTATk 



E 



sup \M^'"f+ sup \M^'"f 



,Tm,n 
^ s 

.se[o,T]' ■ se[o,T] 



< c^E 



•(" 



e I l-Tj I |Z/g I -T\lg_ I ||tVg ||j^2 I "'' 



< coke^P^-^WY"" 



,n||2p-2 



< OO, 



which shows that both M"^^ and M™^ are uniformly integrable martingales. Similar to (|2.11l) . one can deduce 
from ((2l0)) that 



E / eP^^|r"''T-2|c/™,»(a;)|2^p(d5^tfa;) = S 

J(O.T/\Tk] J X JQ 

Hence, letting f = in (|3.6p and then taking expectations, we obtain 



TATfc 



pP'4s|T^m,n|p-2||7-rm,n||2 , 
l-'s I W-^ s 12"^ 



E 



TATfc 



pPAs |-yAm,n 



|p-2 (1 



^m,n|2 _^ ||C/™.»||2 ) ^5 < _^p-l^P^AE 

SI II s iiL^y - p 



Y, 



TATfc I 



(3.7) 



It also follows from p.6p that 



E 



('pAf i^^niji I 
e l^t I 



= £; 



sup (ep^*-H>;A;:r 



< e^^-^i; 



K 



m.n IP 

TATfc I 



ol-p /-TATfc 



2 ./o 
Similar to (|2.14p . the Burkholder-Davis-Gundy inequality implies that 



M' ni.n I . I 71 ^r, 

^ t ' \+ sup LM( 



te[o,T] 



te[o,T] 



(3.8) 



2p£; 



i I t 

te[o,T] 



<Cp^ 



M' 171,71 I 



te[o,T] 

TATfc 



„2pA3|ym,n|2p-2|^m,«|2^g 







(0, TATfc] JA' 



e2P^=|y,?'"pP-2|[/™'"(a;)|27Vp(ds,da;) 



<'-E 
- 2 



sup (eP^*|y/"'"|P 



Since E 



sup 

t6[0, TATfc] 



te[o, TATfc] 



/•TATfc 

CpE gpA,|^m,„|p-2^|^m,«|2 



f/™'" r \ ds 



(3.9) 



< gP«:A||ym,n||P ^ ^^ putting (|3H) iuto ^^ , wc can deduce from dSH]) that 



£; 



sup I Y^ 

te[o, TATfc] 



m.n IP 



<E 



sup 

tG[0, TATfc 



(eP^*|r™'"P 



<c„eP''-^^ 



Y 



m,n IP 

TATfc I 



(3.10) 



LP Solutions of BSDEs with Jumps 



26 



Since (Z™'", t/,"'") e MKR'^'^) x M|(l2), we see that J^^ (\1 



f + K^r^" L2 Us < 00, P-a.s. Thus for 
P-a.s. a; G r^, Tfc(cj) = 00 for some k — k((jj) G N, which leads to that hm Y^f^ — y^'^\ P-a.s. although the 
process y"^'^^ may not be left-continuous. As Y'^^'^ G O^, the Bounded Convergence Theorem implies that 



lim E 

k—^OG 



Y., 



TArk\ 



^ E 



1 rj^ 



and Km E 

T-s-oo 



1 rji 



= E 



\C,m Sn 



Therefore, letting fc ^- oo and then letting T ^ oo in p.lOp . we can deduce from the Monotone Convergence 
Theorem that 



Y' 



m,n IIP 



E 



sup \Y^ 

te[o,oo) 



m.n \V 



<c„eP'^^E 



\^m sn 






ILp(J^^)- 



(3.11) 



Since lim ^„ = ^, the Dominated Convergence Theorem implies that lim i^H^n — ^1^1 = 0, i.e., ^„ converges to ^ 

n— foo n— >oo 

in U'{Foo)- Hence, we see from p. lip that {l^"} pR, is a Cauchy sequence in Dp. Let Y be its limit in Dp. As 
II • ||d2 < II • IId" ) {^"}„pN converges to Y also in Dp. Then the uniqueness of the limit of {^"l^ppj in Dp shows 
that Y and Y are indistinguishableo, which implies that Y G Dp. D 

Similar to Corollary 12.11 we can deduce from Theorem 13.11 the following existence and uniqueness result of 
BSDEJ with random time horizon 7 for case "p € (2, 00)" . 

Corollary 3.1. Let (^, /) be a parameter pair such that S, G U'{J-'y). If the generator f satisfies (HI) for each 
{t,uj) G |0,7l and satisfies (H2), (H3) as well as (H4') for dt(g)dP-a.e. {t,uj) G |0,7], then the BSDEJ (p:S5)) 



admits a unique solution < (Yt{uj), Zt{Lu),Ut{o-')) > such that < I y^/^^, lrt<^i Z^, 1 r-(<^i [/^ ] > 



n|(R'><'') X m2,(l2). 



00) 



A Appendix 

Lemma A.l. Let {ai}i,£iq C [0, 00). For any p G (0, 00) and n G N with n > 2, we have 

(lAnP-i)^ar<K:a. < (l V n^-^) ^ a?. 

1=1 \i=l / 2=1 

Proof: Suppose that p G (1, cxo) first. For any < 6 < c < oo, one can deduce that 

rb+c rb+c 

{b + cf-dP^pj tP-^dt>p bP-^dt^pbP>bP, orequivalent, (6 + c)P >6P + cP. 

Thus, (fli + a2)P > qP + 02- When n > 3, applying (jA.2p consecutively, we obtain 

[Y.^n ><+ E«0 >«i+«2+ E«0 >--->E<+ E «0 ^E<- 



vi=3 



(A.l) 



(A.2) 



(A.3) 



Now, let m„ be the counting probability measure on S",! = {1, • • • ,n} with m„(i) = - for each i E Sn- Jensen's 
Inequality implies that 



( " \P / !■ \p f n p 

Y^^] = / a.m„(d^) </ a>„(ciz) = 5:^. 



Multiplying nP to both sides, we see from (|A.3p that 



Y-^<iY-A <n^-'Y' 



(A.4) 



i=l 



^i.e., PlYt = Yt, Vt e [0,00)) = 1. 
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Clearly, the case "p = 1" is trivial. So it reraains to show (jA.ip for p G (0, 1): Applying (jA.4[) with P — -^ and 
cLi = af , i ^ Sn yields that 

Taking p-th power on both inequalities above, we obtain 

n / ^ \ ^ ^ 

i=l \i=l / 1=1 

Lemma A. 2. For any b,c E [0, cx)), we /laue 

f \b-c\P, ifpe (0,11, 

' ' [ p(6Vc)P-i|6--c|, ifp€{l,oo). 

Proof: It is trivial when b = c. Since b and c take the symmetric roles in (jA.5[) . we only need to assume b < c 
without loss of generality. 

• Whenp € (0, 1], applying Lemma lA.ll with ai = b and 02 = c—b yields that c^ = (ai+a2)^ < 0^+02 = &p+(c— 6)^, 
which implies that \bP - cP\ = cP ~ bP < {c - b)P ^ \b ~ c\P; 

• When p G (1, CX)), one can deduce that cP ~ bP — P Ji, tP^^dt < p j^ cP^^dt = pcP^^{c — 6), which leads to that 

\bP-cP\ =cP -bP <pcP-^{c^h) =p{byc)p-^\b-c\. n 

Lemma A. 3. Let 6,^, fj, : [0, 00) H> [0, 00) be three functions such that 

( i) either 9 = or 9{t) > for any t > 0; 

(ii) is increasing and satisfies L j7j)dt — 00; 

(Hi) ^ is integrable and /i is bounded. 

If IJ-{t) < /( 0{lJ-{s))C{s)ds for any t >Q, then /i = 0. 

Proof: The case ""9 = 0" is trivial. So we only assume that 9{t) > for any t > by (i). It follows from (iii) that 

(j>{0) < 9{Kfj,) Jq (^{s)ds < cxo with k^ — sup ^{s). Thus 

se[o,oo) 

pco 

(l){t):^ 6i(/i(s))C(s)dse [0,00), Vte[0,cx)). 
defines a continuous and decreasing function. Since 9 is increasing, differentiating function (p yields that 

0'(t) - -0(/i(t))c(i) > -9{m)at), vt e [0, ^). (A.6) 

Assume 0(0) > 0. Then T = inf{i G (0,oo) : (j){t) = 0} £ (0,oo] and it is clear that lim4,0(t) = 0. As the 
continuous and decreasing function (j) images [0,T) onto (0,0(0)], Changing of variable gives that 

where we used (IA.6I) and (iii). For any < a < 6 < 00, one can deduce from the monotonicity of function 9 
that J^ Wtidt < /^ Wa)'^^ ~ W^ "^ °^' which together with (IA.7I) implies that L, jrpjdt < 00. This results in a 
contradiction to assumption (ii). Therefore, 0(0) = 0, which forces 0(-) =0. As a consequence, /i(-) =0. D 

Lemma A. 4. Let p G (0, cx)) a77.rf let M be a generic real Banach space with norm | • |b. For any a;, y G B, 

\l~a)\x + av\lda>i-'^'+PMl- 
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Proof: If y = 0, one simply has Jg (1— a)|x|J^(ia — ^\x\^. So let us assume y ^ and set ao — jrj-- Since it holds 



for any a G [0, ao] U [2ao, oo) that i|a;|B < 



a\y\] 



< \x + ay\-a, we can discuss by three cases: 



(1) When 1 < ao : /(, {l-a)\x + ay\lda > {l\x\sY J^ {l-a)da = ^{^\x\sY; 

(2) When | < ao < 1 : Jq il-a)\x + ay\^da > J^ {I - a)\x + ay\^da > (^\x\mY J^^ {l-a)da = ^(^\x\bY; 

(3) When ao < i : J^ {l^a)\x+ay\';da > {l\j:\^Y{C+lLo}i^~^)da = (i|x|„)^(f ao'-ao+l) > Uh^l^Y ■ ° 

For the next two lemmas, we assume that H is a generic real Hilbert space with inner product (•, ■)e_- 
Lemma A. 5. For any x,y Cz H. we have 

\7rr{x) - '!Tr{y)\^ < \x - y\M, Vre(0, oo). (A. 8) 

Consequently, 

\x - y\n > {\x\m a \y\M)\^{x) - ^{y)\n. (A.9) 



Proof: Without loss of generality, we assume that \x\m < Ij/Ih- To see (|A.8[) . let us discuss by three cases: 
(1) When r > Ij/jg: Since TTr{x) — x and TTr{y) ~ y, one simply has |7rr(a;) — 7rr(2/)L = l^: — 2/|h; 



A 



A 



(2) When \x\m < r < \y\M- Let us set n — (x, ^{y))^ and y — K^{y). Since [x — y, &{y))^ = 0, it holds for any 
a e R that 

\x-a^{y)\^^ \x-y~ {a~K)S!{y)\^ = \x-y\^+ \ia-K)^{y)\^ = \x ~ y\^ + {a-nf. 

Hence, it follows that 

|7rr(x) - nr{y)\^ = \x - r^{y)\^ = \x - y\^ + [r-Kf <\x- y\^ + {\y\n-n) =\x- y\^. 

where we used the fact that n < (a;, &{y)^^ < \x\m < r < \y\M, thanks to the Schwarz inequality. 

(3) When r < \x\m'- We know from (2) that 

\x-y\u > |7r|^|^(a;)-7r|^|^j(2/)|g = \x-\x\u^{y)\^ = \x\m\^{x)~ ^{y)\^ > r\&ix)-&{y)\^ = \nrix)-nriy)\^. 
If X == 0, (jA.gp holds automatically. Otherwise, applying (jA.Sp with r = \x\m gives rise to (|A.9p . D 



Lemma A. 6. Let pe {0,1]. For any x,y eM, we have \x\^^{x) - \y\^&{y) < {1 + 2P)\x ~ y\^. 



x\M^ix) — \y\M^{y) = |a; — j/|h. For p € (0, 1), we assume without loss 



Proof: The case "p = 1" is trivial since 

of generality that |x|ij < \y\^ and discuss by three cases: 

(l)Whcnx = 0: \y\^&iy) 



= lylni 



(2) When < \xW < \x - yW |x|^^(x) - |y|^^(y) < \x\l&ix) + |y|^^(y) = \xf^ + \yf^ < \xf^ + 

M MM 

{\x\M + \x-y\Mf<{l + 2P)\x-y\l, 

(3) When \x\m > \x - yW- \x\l,&(x) - \yf^9{y) 



<K 



&{x)-&{y) 



\x\M-\y\- 



< \x\m ^\x-y\M + 



xm- 



\y\M 



< 2\x ~ y\^, where we used (|A.9|) and Lemma [X2l in the second inequality. 
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